Shock Reflection-Diffraction Problems
Shock reflection-diffraction by a straight-sided wedge is one of the most fundamental multidimensional shock wave phenomena. When a plane shock hits the wedge head on, a self-similar shock of reflection-diffraction moves outward as the original shock moves forward in time. Such problems not only arise in many important physical situations, but also are fundamental in the mathematical theory of multidimensional conservation laws since their solutions are building blocks and asymptotic attractors of general solutions to the multidimensional Euler equations for compressible fluids (cf. CourantFriedrichs [9] , von Neumann [27, 28] , Glimm-Majda [12] , and Morawetz [24] ). The complexity of reflection-diffraction configurations was first reported by Ernst Mach [23] in 1878, and experimental, computational, and asymptotic analysis has shown that various patterns of reflected shocks may occur, including regular and Mach reflection (cf. [2, 11, 12, 13, 14, 15, 16, 17, 19, 21, 24, 26, 27, 28] ). Most of the fundamental issues for shock reflection-diffraction have not been understood, such as the transition between different patterns, especially for the potential flow equation used widely in aerodynamics.
Therefore, it becomes essential to establish a global theory for the existence and regularity of shock reflection-diffraction configurations in order to understand fully shock reflectiondiffraction phenomena.
The Euler equations for potential flow consist of the conservation law of mass and the Bernoulli law, and take the form: ρ t + div (ρ ∇Φ) = 0, (1.1) (1.2) for (t, x) ∈ R + ×R 2 := [0, ∞)×R 2 , where ∇ = (∂ x1 , ∂ x2 ), ρ(t, x) is the density, Φ(t, x) is the velocity potential, and the constant γ > 1 is the adiabatic exponent of the fluid under consideration.
Self-similar solutions are the solutions of the form:
Then the function φ = ψ − A shock is a discontinuity in the pseudo-velocity Dφ. That is, if Ω + and Ω − := Ω\Ω + are two nonempty open subsets of Ω ⊂ R 2 and S := ∂Ω + ∩ Ω is a C 1 -curve where Dφ has a jump, then φ ∈ W 1,1
is a global weak solution of (1.4) in Ω if and only if φ satisfies equation (1.4) in Ω ± and the Rankine-Hugoniot conditions on S:
where [·] S is the jump across S, and ν and τ are the unit normal and tangent vector to S, respectively. A shock is called transonic if the equation changes type from hyperbolic to elliptic across the shock in the flow direction.
When a flat shock, orthogonal to the flow direction and separating two uniform states (0) and (1), i.e., the states with constant velocity and density, hits a symmetric wedge W := {|x 2 | < x 1 tan θ w , x 1 > 0} at time t = 0 head on, it experiences a reflection-diffraction process. Let (ρ 0 , Φ 0 (t, x)) and (ρ 1 , Φ 1 (t, x)) be the densities and the velocity potential functions of states (0) and (1), respectively, where Φ 0 (t, x) = 0, Φ 1 (t, x) = u 1 x 1 , and ρ 1 > ρ 0 > 0 and u 1 > 0 are the constants that are related through the Rankine-Hugoniot condition (1.7) by (1.8)
.
In the self-similar coordinates (ξ, η), the pseudo-velocity potential functions corresponding to states (0) and (1) are
is the coordinate of the incoming shock in the (ξ, η)-plane. Also, by symmetry, it suffices to consider the shock reflection-diffraction problem in the upper half-plane {η > 0} ∩ Λ, with the condition ∂ ν φ = 0 on {η = 0} ∩ Λ. Then the problem can be formulated as
Boundary Value Problem (BVP).
Seek a solution φ of equation (1.4) in the selfsimilar domain Λ ∩ {η > 0} with the slip boundary condition:
and the asymptotic boundary condition at infinity:
where ν is the unit normal to ∂{Λ ∩ {η > 0}},
and (1.13) holds in the sense that lim
Note that the slip boundary condition (1.12) implies (1.14) ρDφ · ν| ∂Λ = 0.
Also, conditions (1.12) and (1.14) are equivalent if ρ ̸ = 0. Since, for the solutions under consideration, ρ ̸ = 0 always holds, we use condition (1.14) instead of (1.12) in the definition of weak solutions for Problem (BVP). Condition (1.14) is the conormal condition for equation (1.4) . This yields the following definition.
is called a weak solution of Problem (BVP) if φ satisfies (1.13) and the following:
REMARK 1.1. Note that, since ζ does not need to be zero on ∂Λ, the integral identity in the definition is a weak form of equation (1.4) and the boundary condition (1.14) as the trace. REMARK 1.2. From Definition 1.1, we can see the following fact: If B ⊂ R
2 is an open set and φ is a weak solution of Problem (BVP) satisfying φ ∈ C 2 (B∩Λ)∩C 1 (B∩Λ), then φ satisfies equation (1.4) in B ∩ Λ, the boundary condition (1.14) on B ∩ ∂Λ \ {0}, and Dφ(0) = 0 in the classical sense. REMARK 1.3. For Problem (BVP), since φ 1 does not satisfy the slip boundary condition (1.12), the solution must differ from φ 1 in {ξ < ξ 0 } ∩ Λ, and thus a shock reflectiondiffraction by the wedge vertex occurs, which is one of the key points of the problem.
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The von Neumann Sonic Conjecture and Main Theorems
In this section, we describe our recent results on the regular shock reflection-diffraction problem for the wedge angle θ w larger than the angle θ s when state (2) becomes sonic, by which the sonic conjecture proposed by von Neumann in [27] in 1943 (also see [28] ) is solved for potential flow (cf. Fig. 1 ).
More specifically, for a regular shock reflection-diffraction pattern, the solution φ consists of three uniform states (0), (1), (2) , and a nonuniform state in the domain Ω, and the equation is hyperbolic in the respective regions of states (0), (1) , and (2), and is elliptic in Ω. The regular reflection-diffraction is characterized by the property that the reflection point P 0 is on the wedge boundary. A necessary condition for the existence of such a pattern is the existence of the local regular shock reflection configuration at P 0 , i.e., the existence of a straight line P 0 P 1 and a uniform state (2) such that the Rankine-Hugoniot conditions are satisfied along P 0 P 1 and the slip boundary condition (1.12) is satisfied along the wedge. State (2) behind P 0 P 1 is of the form:
with the constant velocity u 2 > 0. The parameters of state (2), i.e., the velocity (u 2 , u 2 tan θ w ) and the density ρ 2 , and the direction of P 0 P 1 are obtained by solving a system of algebraic equations, consisting of the Rankine-Hugoniot conditions (1.6)-(1.7) for states (1) and (2) on S. Depending on the parameters of states (0) and (1), this system is solvable for θ w sufficiently close to π 2 (see [5, 6] ) and is not solvable for θ w sufficiently small (and then Mach reflection is expected). That is, given states (0) and (1) Here, a solution in a region is supersonic (resp. subsonic) if equation (1.4) is hyperbolic (resp. elliptic) in that region. Thus, a local supersonic (resp. subsonic) regular reflection exists
The following conjecture was proposed by von Neumann [27] in 1943 (also see [28] ):
The Sonic Conjecture (von Neumann 1943): There exists a global regular shock reflection-diffraction configuration with the structure as in Fig. 1 for all wedge angles which admit a local supersonic regular reflection, i.e., for all θ w ∈ (θ s w , π 2 ). This transition conjecture is based on the argument that the transition between the regular reflection and Mach reflection occurs when the corner-generated signals cannot catch-up with the reflection point P 0 . Hence, as long as the flow Mach number behind the reflected shock is larger than 1, i.e., the flow is supersonic, the reflection point is isolated from the corner-generated signals, which cannot reach it. Also see Lock-Dewey [22] .
In Chen-Feldman [5, 6] , the global existence and stability of solutions to the boundary value problem for a large-angle wedge were first established. Furthermore, the optimal regularity of regular shock reflection-diffraction solutions near the sonic circle to be C 
where φ is the solution of Problem (BVP) and satisfies that, for (ξ, η) =
for ξ < ξ 0 and above the reflected shock
φ is C 1,1 across the part P 1 P 4 of the sonic circle including the endpoints P 1 and P 4 , and the reflected shock P 0 P 1 P 2 is C 2 at P 1 and C ∞ except P 1 . Also, the relative interior of the reflected shock P 0 P 1 P 2 lies in {η > ξ tan θ w , η > 0}, i.e., is separated from the wedge and from the symmetry line {η = 0}. Moreover, φ satisfies the following:
REMARK 2.1. In fact, φ is an admissible solution in the sense of Definition 3.1 below and thus satisfies further properties listed in Definition 3.1. Now we address the other case u 1 > c 1 . In this case, the results of Theorem 2.1 hold from the wedge angle (i) φ is C 2,α up to the arc P 1 P 4 away from the point P 1 for any α ∈ (0, 1). That is, for any α ∈ (0, 1) and any given
where (r, θ) are the polar coordinates with center at (u 2 , u 2 tan θ w );
Admissible Solutions and Their A Priori Estimates
The key steps to establish the main theorems above in Chen-Feldman [7] are a priori estimates of admissible solutions to Problem (BVP). Most of these estimates such as the regularity across the sonic arc P 1 P 4 and the monotonicity cones are optimal. In this section, we present these main estimates.
3.1. Definition of Admissible Solutions. Let γ > 1, ρ 1 > ρ 0 > 0, and u 1 > 0 be the constants satisfying (1.8), and let ξ 0 be defined by (1.11) . Let the incident shock S = {ξ = ξ 0 } hits the wedge at the point P 0 = (ξ 0 , ξ 0 tan θ w ), and let state (0) and state (1) ahead of and behind S be given by (1.9) and (1.10), respectively. Then it can be shown that there exists θ 0) . This last fact implies that the set {φ 1 = φ 2 } =: S 1 is a line. Moreover, P 0 ∈ S 1 since φ 1 (P 0 ) = φ 2 (P 0 ) from (1.10), (2.1), and the definition of P 0 . (2) at two points. Denote by P 1 the point of intersection which is closer to P 0 than the other intersection point. Then P 1 ∈ Λ. Note that state (2) is supersonic along P 0 P 1 . REMARK 3.3. Using the fact that state (2) is supersonic along P 0 P 1 by Remark 3.2 and the sonic circle of state (2) is B c2 (u 2 , v 2 ), it follows that
cos θw . That is, P 4 is the "upper" point of intersection of the sonic circle of state (2) with the wedge line {η = ξ tan θ w }. From the definitions,
• The line segment Γ wedge := P 3 P 4 ⊂ {η = ξ tan θ w }.
• The arc Γ sonic , which is the "upper" arc P 1 P 4 of the sonic circle of state (2) , that is,
is admissible, then the condition ρ 2 > ρ 1 implies that the half-plane {φ 1 > φ 2 } contains the point (u 1 , 0), which is the center of the sonic circle of state (1). Now we introduce the notion of admissible solutions of Problem (BVP). (i) There exists the (shock) curve Γ shock := P 1 P 2 with endpoints P 1 and P 2 , where
and the curve Γ shock satisfies
is the reflection of Γ shock with respect to {ξ 2 = 0}. Then Γ ext shock is C ∞ at its relative interior (including P 2 ) in the sense that, for any P in the relative interior of Γ ext shock , there exist r > 0, f ∈ C ∞ (R), and the orthonormal coordinate system (S, T ) in R 2 such that
Denote the line segment 
where α ∈ (0, 1) depends only on θ
Let e S1 be a unit vector parallel to S 1 = {φ 1 = φ 2 } and oriented such that e S1 · e ξ < 0. That is,
REMARK 3.6 (Γ sym ∪ {P 2 } are the interior points). Let Ω − (resp. Γ − sonic ) be the reflection of Ω (resp. Γ sonic ) with respect to {η = 0} and
satisfies that ϕ ext is the even extension of ϕ into Ω ext so that
Then it is easy to check by an explicit calculation that φ ext and ϕ ext satisfy equation (1.4) and its corresponding non-divergence form in Ω ext , and that the equations are strictly elliptic in Ω ext \ Γ ext sonic . Moreover, φ ext satisfies
REMARK 3.7 (The velocity jump across Γ shock ). Condition (3.2) implies that φ 1 is supersonic on Γ shock . Then (iii) of Definition 3.1 implies that Dφ ̸ = Dφ 1 on Γ shock . Similar argument with use of ξ P2 < u 1 − c 1 from (3.1) implies a gradient jump at P 2 . Also, using (3.3), Dφ(P 1 ) = Dφ 2 (P 1 ) ̸ = Dφ 1 (P 1 ). Thus,
REMARK 3.8 (The cone of monotonicity directions). The properties in (3.6) imply that, if φ is an admissible solution of Problem (BVP) in the sense of Definition 3.1, then
for all e ∈ Cone(e S1 , e ξ2 ), e ̸ = 0, where (3.9) Cone(e, g) = {ae + bg : a, b ≥ 0} for e, g ∈ R 2 \ {0}.
REMARK 3.9 (The shock does not intersect with the wedge and the sonic circle of state (1)). The property Γ shock ⊂ Λ \ B c1 (u 1 , 0) of (3.2) implies that the shock does not intersect with the wedge and the sonic circle of state (1), and
We also note the following property: 
where ν is the unit normal to Γ shock interior to Ω.
From now on through this section, we always assume that φ is an admissible solution of Problem (BVP) in the sense of Definition 3.1.
3.2. The Strict Monotonicity Cone for φ 1 − φ and Its Geometric Consequences. First we prove that
where Cone 0 (e S1 , e η ) is the interior of the cone Cone(e, g) defined by (3.9) for e, g ∈ R 2 \ {0}. This implies that the shock is graph for a cone of directions. That is, let e ∈ Cone 0 (e S1 , e η ). Let e ⊥ be orthogonal to e and oriented so that e ⊥ · e S1 < 0. Let |e| = |e ⊥ | = 1. Let (S, T ) be the coordinates with respect to the basis (e, e ⊥ ). Also, denote (S P k , T P k ) the (S, T )-coordinates of the point P k , k = 1, . . . , 4, and note that T P2 < T P1 < T P4 . Then there exists f e,shock ∈ C 1,α (R) such that (i) Γ shock = {S = f e,shock (T ) : T ∈ (T P2 , T P1 )} and Ω ⊂ {S < f e,shock (T ) : T ∈ R}. (ii) In the (S, T )-coordinates, P 1 = (f e,shock (T P1 ), T P1 ) and P 2 = (f e,shock (T P2 ), T P2 ).
(iii) For any P ∈ Γ shock , there exists r > 0 such that
(P + Cone 0 (e S1 , e η )) ⊂ {S > f e,shock (T ) : T ∈ R},
That is, at P , the cone Cone 0 (e S1 , e η ) is above the graph of f e,shock , and the cone −Cone 0 (e S1 , e η ) is below the graph of f e,shock .
(iv) In the (S, T )-coordinates, the region Ω has the following form: There exists
) and linear functions L e,wedge and L e,sym such that
(v) The tangent directions to Γ shock are between the directions of the line S 1 and {te η , : t ∈ R}, which are the tangent lines to Γ shock at the points P 1 and P 2 respectively. That is, for any T ∈ (T P2 , T P1 ),
e ξ2 · e e ξ2 · e ⊥ < ∞.
3.3. The Monotonicity Cone for φ − φ 2 and Its Consequences. Then we prove
where Cone 0 (e S1 , −ν wedge ) is defined by (3.9) and ν wedge is the unit normal to Γ wedge , interior to Ω. As its consequence, we conclude that, in the local coordinates (x, y) with x the normal directional coordinate into Ω with respect to the sonic arc Γ sonic ,
in a uniform neighborhood of the sonic arc Γ sonic . Then we obtain that there exists C > 0 such that, if φ is an admissible solution of Problem (BVP) in the sense of Definition 3.1, then Ω ⊂ B C (0), (3.14) Estimate (3.18) is crucial, especially since it is used for the ellipticity estimate in §3.7 below.
Uniform Estimate of the
∥φ∥ C 0,1 (Ω) ≤ C, (3.15) aρ 1 ≤ ρ ≤ C in Ω with a = ( 2 γ + 1 ) 1 γ−1 > 0, (3.16) ρ 1 < ρ ≤ C on Γ shock ∪ {P 3 }.
Uniform Positive Lower Bound for the Distance between the Shock and the
Wedge, and Separation of the Shock and the Symmetry Line. We first use the C ∞ regularity of f shock to obtain the following estimates:
Separation of the Shock and the Symmetry Line: There exists µ > 0 depending only on the data such that , where f shock is defined by
As a corollary, we conclude that, for any admissible solution φ of Problem (BVP) with
In order to consider Γ shock up to the point P 2 , it is convenient to consider the solutions extended by the even reflection into {η < 0} as in Remark 3.6 and to consider also the extended domain Ω ext and shock Γ (1.4) in Ω up to the Shock. Set the Mach number
Uniform Estimate of the Ellipticity of Equation
Note that, for an admissible solution of Problem (BVP), by (3.3),
Then we conclude that there exists µ > 0 depending only on
To achieve this, the result of §3.5 on the positive lower bound on the distance of the shock and the sonic circle of state (1) is crucially used, since it allows to estimate that state (1) is "sufficiently hyperbolic" on the other side of the shock. 
with the function ρ(|p| 2 , z) defined by (1.5). We restrict to such (p, z) that (1.5) is defined, i.e., satisfying ρ γ−1 0
As a corollary, we conclude that there exists C > 0 depending only on (ρ 0 , ρ 1 , γ, θ 
3.8. Regularity Estimates. With the geometry of Ω and the ellipticity controlled, we can conclude the regularity estimates. We perform the regularity estimates separately away from the sonic arc where the equation is uniformly elliptic and near the sonic arc where the ellipticity degenerates.
Regularity Estimates away from the Sonic Arc: Away from the ε-neighborhood of the sonic arc, we have the uniform ellipticity estimates for admissible solutions with the constants independent of the solution and the wedge angle. Also, in order to avoid the difficulties related to the corner at the point P 2 of intersection of the shock and the symmetry line, we extend the elliptic domain Ω by reflection over the symmetry line and use the even extension of the solution. From the form of the potential flow equation (1.4) , it follows that (1.4) is satisfied in the extended domain, and the Rankine-Hugoniot conditions (1.6)-(1.7) are satisfied on the extended shock. Now the boundary part Γ sym lies in the interior of the (extended) Ω, and P 2 is the interior point of the (extended) shock. Then the C 2,α -estimates in the interior of Ω and near Γ wedge (away from the corner P 3 ) follow from the standard elliptic theory, where we use the homogeneous Neumann boundary condition on Γ wedge , the uniform estimate of the distance between the shock and the wedge, and the Lipschitz estimates of the solution. Also, we obtain the C 1,α -estimates near the corner P 3 for sufficiently small α > 0 by using the results of Lieberman [20] .
For the estimates of the shock curve and the solution near the shock (away from the ε-neighborhood of the sonic arc), we use the partial hodograph transform. For that, we first show that the functionφ := φ 1 − φ is uniformly monotone in a uniform neighborhood of the shock in the radial direction with respect to the center of the sonic circle O 1 of state (1), i.e., there exist δ, σ > 0 such that
Note thatφ = 0 on Γ shock by the Rankine-Hugoniot condition (1.6), andφ > 0 in Ω since φ is an admissible solution of Problem (BVP). Thus we rewrite the potential flow equation (1.4) and the gradient jump Rankine-Hugoniot condition (1.7) in terms ofφ and in the polar coordinates centered at O 1 . Then, working in the subdomain (N σ (Γ shock ) ∩ Ω) \ N ε (Γ sonic ), we perform the partial hodograph transform in the radial direction. Thus we obtain an elliptic equation in a fixed domain with flat boundary and an oblique derivative condition on that boundary. Also, the lower bound on the size of domain and the Lipschitz estimate of the unknown function follows from the strict radial monotonicity and the Lipschitz estimates ofφ. Therefore, we obtain the C k -estimates of the problem in the hodograph coordinates, for each k = 2, 3, . . . , which implies the C k -estimates of the shock curve and φ near the shock in the original coordinates, away from N ε (Γ sonic ).
Regularity Estimates near the Sonic Arc, i.e., in N ε (Γ sonic ) ∩ Ω for Sufficiently Small ε > 0. Near the sonic arc, it is convenient to work in the coordinates flattening the sonic arc. We consider the polar coordinates (r, θ) with respect to the center O 2 of the sonic circle of state (2), note that Γ sonic is an arc of the circle r = c 2 , and define
We perform the estimates in terms of function:
Note that ψ(0, y) ≡ 0 since φ is an admissible solution, i.e., φ = φ 2 on Γ sonic .
Writing the potential flow equation (1.4) in terms of ψ in the (x, y)-coordinates, then the fact that the equation is elliptic in Ω with the ellipticity constant proportional to the distance to the sonic arc Γ sonic implies that there exists δ > 0 so that, for each admissible solution,
Also, from the structure of the monotonicity cone of ψ, we show that ψ x ≥ 0. Thus, |ψ x | ≤ Cx. Using again the monotonicity cone of ψ, we obtain |ψ y | ≤ Cx. Now, since |Dψ| ≤ Cx, we obtain the following degenerate ellipticity structure of (1.4) (in terms of ψ) on any admissible solution ψ near Γ sonic : (3.24)
for (p, z) = (Dψ, ψ)(x, y) and for all (x, y) ∈ N ε (Γ sonic ) ∩ Ω. Also, A(0, 0, x) = 0, i.e., the equation is homogeneous. We use (3.24) and (3.25) for the estimates in the C 2,α -norms weighted and scaled depending on x, which reflect the ellipticity structure. One way to define these norms is following: For any
∩ Ω to the (portion of) the unit square, i.e., define the rescalsed function:
The "parabolic" norm of ∥ψ∥ Thus,
Also, writing equation (3.24) in terms of the rescaled function ψ (x0,y0) and using the ellipticity structure (3.25), we see that ψ (x0,y0) satisfies a uniformly elliptic homogeneous equation in Q (x0,y0) , with the ellipticity constants and higher norms of the "coefficients" independent of (x 0 , y 0 ). Then the C 2,α -estimates of ψ (x0,y0) in the "half-square" Q (x0,y0) 1 2 follow in Case (i) from the interior elliptic estimates. In Case (ii), in addition to the equation, we use the boundary condition ∂ ν ψ = 0 on Γ wedge , which holds under rescaling.
In Case (iii), since we do not have the estimates of the shock curve, we use the partial hodograph transform. For that, we show by an explicit calculation that the function
From this, recalling that |D(φ−φ 2 )| = |Dψ| ≤ Cx and reducing ε if necessary, we obtain thatφ = φ 1 − φ satisfies
Thus a function v is defined such that v(x,φ(x, y)) = y. Then we perform the partial hodograph transform in the y-direction forφ in R (x0,y0) for (x 0 , y 0 ) ∈ Γ shock , thus obtaining an equation in terms of the unknown function v in the variables (s, t) = (x,φ(x, y)). Then Γ shock = {φ = 0} is transformed into the line {t = 0}, and the Rankine-Hugoniot gradient jump condition (1.7) implies a boundary condition on that line. Also, we perform the partial hodograph transform in the y-direction for the "background solution"φ 0 in R (x0,y0) , thus obtaining an equation in terms of an unknown function v 0 . Then the line S 1 = {φ 1 = φ 2 } ≡ {φ 0 = 0} is mapped to {t = 0}, and the Rankine-Hugoniot gradient jump condition (1.7) for (φ 1 , φ 2 ) on S 1 determines the boundary condition on {t = 0}. We estimate the size and shape of the common domain for v and v 0 , and write the equation in this common domain and the boundary condition on the {t = 0}-boundary part in terms of w = v − v 0 . This function w has the properties similar to the properties of ψ above, i.e., |Dw| ≤ Cx 0 , |w| ≤ Cx 2 0 , and the equation for w has the ellipticity structure similar to (3.25) , with x 0 replacing x in the scaling part. Then we can rescale w similar to the rescaling of ψ above, and the rescaled function satisfies a uniformly elliptic equation with the ellipticity constants (and the other properties) independent of (x 0 , y 0 ) ∈ Γ shock ∩ N ε (Γ sonic ). The rescaled boundary condition has "almost tangential structure" with the constants uniform with respect to (x 0 , y 0 ) ∈ Γ shock ∩ N ε (Γ sonic ). This allows to obtain the C 2,α -estimates for w. Transforming back, we obtain the scaled C 2,α -estimates for the shock curve within
and the estimate of ψ (x0,y0) in the "half-square" Q (x0,y0) 1 2 in Case (iii).
Existence of the Regular Shock Reflection-Diffraction Configuration
Once a priori estimates are proved, there are several ways to obtain the existence of the regular shock reflection-diffraction configuration. In this section, we employ the a priori estimates for a degree theory to give the outline of the existence proof.
In order to apply the degree theory, the iteration set should be bounded and open in an appropriate function space (actually, in its product with the parameter space, i.e., the angle interval), and the fixed points of the iteration map should not occur on the boundary of the iteration set. We choose this function space according to the norms and the other quantities in the a priori estimates. Then the a priori estimates allow to conclude that the fixed points cannot occur on the boundary of the iteration set, if the bounds defining the iteration set are chosen appropriately large (or small, depending on the context and the a priori estimates).
In our case, there is an extra issue of connecting admissible solutions with the normal reflection solution in the setup convenient for applying the degree theory. That is, we use the strict monotonicity properties of the admissible solutions (proved as a part of the a priori estimates). Indeed, these strict monotonicity properties can be made uniform for the wedge angles away from π 2 (and away from the appropriate parts of the boundary of the elliptic region), by using the compactness of the set of admissible solutions which is a corollary of the a priori estimates. However, they become nonstrict when the wedge angle is π 2 , i.e., at the normal reflection. Then, for the angles near π 2 , we use the following facts: (i) All solutions of the free boundary problem for the angles near π 2 and sufficiently close to the normal reflection are admissible solutions;
(ii) All admissible solutions converge to the normal reflection solution as the wedge angle tends to π 2 . From (i) and (ii), we can derive estimates similar to [6] for the admissible solutions and the "approximate" solutions for the angles near π 2 . Then, for the wedge angle θ w near π 2 , the iteration set K θw is a small neighborhood of the normal reflection solution, where the norms used and the size of neighborhood are related to the estimates of [6] . For the wedge angle θ w away from π 2 , the iteration set K θw is defined by the bounds in the appropriate norms (related to the a priori estimates) and by the lower bounds of certain directional derivatives, corresponding to the strict monotonicity properties, so that the actual solution cannot be on the boundary of the iteration set according to the a priori estimates. These two definitions are combined in one setup, with the bounds depending continuously on the wedge angle.
Also, since the elliptic domain depends on the solution, a mapping is defined depending on the wedge angle θ w and the "approximate solution", which maps its elliptic domain to the unit square, and the iteration set K is defined in terms of the functions on the unit square. This defines the iteration set
The iteration map F is defined as follows: Given a wedge angle θ w and a function u from the iteration set (i.e., defined on the unit square), define the corresponding "elliptic domain" and set up a boundary value problem for an elliptic equation which is degenerate near the sonic arc. Letû be its solution, expressed as a function on the unit square in such a way that the gain in the regularity of the solution is preserved. Then the iteration map is defined by F(u, θ w ) =û. The boundary value problem in the definition of F is defined so that, at the fixed point u =û, its solutions satisfies the potential flow equation (1.4) , with the ellipticity cutoff in a small neighborhood of the sonic arc, and both the RankineHugoniot conditions (1.6)-(1.7) on the shock. Also, the other properties, including the inequalities φ 2 ≤ φ ≤ φ 1 and the monotonicity properties, required in the definition of admissible solutions are known for the wedge angles away from both π 2 and the appropriate parts of the boundary of the elliptic domain.
Then we prove the following facts: (i) Any fixed point is an admissible solution. For that, we remove the ellipticity cutoff and prove the inequalities and monotonicity properties mentioned above for the regions and the wedge angles where they are not readily known. The fact that these estimates need to be proved only in the localized regions is crucial and is made possible by using the uniform bounds and monotonicity properties which are a part of a priori estimates.
(ii) The iteration map is compact, by using the gain in the regularity for the solution of the iteration boundary value problem.
(iii) The iteration set is open, by using the elliptic estimates to show the existence of a solution for the iteration boundary value problem.
(iv) The fixed points of the iteration map cannot occur on the boundary of the iteration set, by using the a priori estimates.
(v) The normal reflection solution u normal is in the iteration set, from the definition of the iteration set. Now the degree theory provides that the index i (F(·, θ w ) , K θw ) of the iteration map does not depend on the wedge angle θ w ∈ [θ This completes the proof of the existence theory of admissible solutions with the indicated regularity properties for the shock reflection-diffraction problem. For further details, see Chen-Feldman [7] .
